We define the action of the homology group H1(M, ∂M ) on the sutured Floer homology SF H(M, γ). It turns out that the contact invariant EH(M, γ, ξ) is usually sent to zero by this action. This fact allows us to refine an earlier result proved by Ghiggini and the author. As a corollary, we classify knots in # n (S 1 × S 2 ) which have simple knot Floer homology groups: They are essentially the Borromean knots.
Introduction
Heegaard Floer homology, introduced by Ozsváth and Szabó [14] , is a powerful theory in low-dimensional topology. In its most fundamental form, the theory constructs a chain complex CF (Y ) for each closed oriented 3-manifold Y , such that the homology HF (Y ) of the chain complex is a topological invariant of Y . In [9] , Juhász adapted the construction of HF (Y ) to sutured manifolds, hence defined the sutured Floer homology SF H(M, γ) for a balanced sutured manifold (M, γ).
In [14] , there is an action A ζ on the Heegaard Floer homology for any ζ ∈ H 1 (Y ; Z)/Tors, which satisfies that A 2 ζ = 0. This induces a Λ * (H 1 (Y ; Z)/Tors)-module structure on the Heegaard Floer homology. The goal of this paper is to define an action A ζ on SF H(M, γ) for any ζ ∈ H 1 (M, ∂M ; Z)/Tors, hence make SF H(M, γ) a Λ * (H 1 (M, ∂M ; Z)/Tors)-module. Juhász [10] proved that if there is a sutured manifold decomposition
with good properties, then SF H(M ′ , γ ′ ) is a direct summand of SF H(M, γ). Hence there is an inclusion map ι : SF H(M ′ , γ ′ ) → SF H(M, γ) and a projection map π : SF H(M, γ) → SF H(M ′ , γ ′ ) such that
It is natural to expect that Juhász's decomposition formula respects the action of H 1 (M, ∂M ; Z)/Tors. Our main theorem confirms this expectation.
1.1 Knots in # n (S 1 × S 2 ) with simple knot Floer homology Corollary 1.2 is most useful when HF (Y ) has a rich Λ * (H 1 (Y )/Tors)-module structure. As an illustration, we will study knots in # n (S 1 ×S 2 ) that have simple knot Floer homology.
Suppose K is a rationally null-homologous knot in Y , Ozsváth-Szabó [16, 20] and Rasmussen [21] showed that K specifies a filtration on CF (Y ). The associated homology of the filtered chain complex is the knot Floer homology HF K(Y, K). From the construction of knot Floer homology, one sees that rank HF K(Y, K) ≥ rank HF (Y ), for any rationally null-homologous knot K ⊂ Y . When the equality holds, we say that the knot has simple knot Floer homology.
To an oriented null-homologous n-component link L ⊂ Y , Ozsváth and Szabó [16] It is an interesting problem to determine all knots with simple Floer homology. For example, Hedden [5] and Rasmussen [22] showed that if a knot L ⊂ S 3 admits an integral lens space surgery, then the core of the surgery is a knot in the lens space with simple knot Floer homology group. Hence the classification of knots with simple Floer homology groups in lens spaces will lead to a resolution of Berge's conjecture on lens space surgery.
For certain 3-manifolds, the classification of knots with simple Floer homology groups are already known. A deep theorem of Ozsváth-Szabó [17, Theorem 1.2] implies that the only knot in S 3 with simple Floer homology group is the unknot. The author [12] generalized Ozsváth-Szabó's theorem. As a corollary, if Y is a integer homology sphere which is an L-space, then the unknot is the only knot in Y with simple Floer homology group. Eftekhary [1] has announced a generalization of this result to knots in any homology sphere.
We will determine all knots in Y n = # n (S 1 × S 2 ) with simple knot Floer homology. Besides the unknot, there is a class of knots called Borromean knots which have simple Floer homology groups. Consider the Borromean rings. Perform 0-surgery on two components of the Borromean rings, then the third component becomes a knot in Y 2 , called the Borromean knot B 1 . The Borromean knot B k ⊂ Y 2k is obtained by taking the connected sum of k B 1 's, and B 0 is understood to be the unknot in S 3 . See Figure 1 . Borromean knots are characterized by the fact that B k is the binding of an open book decomposition of Y 2k , such that the page is a genus k surface with one boundary component, and the monodromy is the identity map. It is known that HF K(Y 2k , B k ) has rank 2 2k [16] .
is a null-homologous knot with simple knot Floer homology. Namely,
Then there exists a non-negative integer k ≤ A difference between Theorem 1.3 and the previously known classification results of simple knots is, the simple knots in Y n include some nontrivial knots. Such situation also appears when one tries to classify simple knots in lens spaces.
For links in S 3 , it is easy to determine which ones have simple Floer homology. Our result is as follows.
Remark 1.5. It is proved by the author [12] that knot Floer homology detects unlinks. However, the main result there does not imply that the rank of knot Floer homology detects unlinks. Proposition 1.4 remedies this omission.
This paper is organized as follows. In Section 2 we will define the action on sutured Floer homology and prove Theorem 1.1. In Section 3 we will study the effect of the action on the contact invariant EH(M, γ, ξ). Then we will prove Corollary 1.2. In Section 4 we will use Heegaard Floer homology and combinatorial group theory to determine all knots in Y n that have simple Floer homology. In Section 5 we will show the unlinks are the only links in S 3 that have simple Floer homology.
The definition of the action
Definition 2.1. A sutured manifold (M, γ) is a compact oriented 3-manifold M together with a set γ ⊂ ∂M of pairwise disjoint annuli. The core of each component of γ is a suture, and the set of sutures is denoted by s(γ).
Every component of R(γ) = ∂M − int(γ) is oriented. Define R + (γ) (or R − (γ)) to be the union of those components of R(γ) whose normal vectors point out of (or into) M . The orientations on R(γ) must be coherent with respect to s(γ).
A balanced sutured manifold is a sutured manifold (M, γ) with χ(R + (γ)) = χ(R − (γ)), and γ intersects each component of ∂M .
Let (M, γ) be a sutured manifold, and S a properly embedded surface in M. According to Gabai [2] , there is a natural way to put a sutured manifold structure on M ′ = M \ν(S). This process is a sutured manifold decomposition
∩S is a union of parallel oriented nonseparating simple closed curves or arcs.
Definition 2.3.
A sutured manifold hierarchy is a sequence of decompositions
A fundamental theorem of Gabai [2] says that for any taut sutured manifold, there exists a well-groomed sutured manifold hierarchy.
Suppose (Σ, α, β) is a sutured Heegaard diagram for a balanced sutured manifold (M, γ). Let ω be a relative 1-cycle on Σ, such that it is in general position with the α-and β-curves. Namely, ω = k i c i , where k i ∈ Z, each c i is a properly immersed oriented curve on Σ, such that c i is transverse to α-and β-curves, and c i does not contain any intersection point of α-and β-curves.
We can also regard ω as a relative 1-cycle representing a class in H 1 (M, ∂M ). On the other hand, any homology class in H 1 (M, ∂M ) can be represented by a relative 1-cycle on Σ.
If φ is a topological Whitney disk connecting x to y, let ∂ α φ = (∂φ) ∩ T α . We can also regard ∂ α φ as a multi-arc that lies on Σ and connects x to y. Similarly, we define ∂ β φ as a multi-arc connecting y to x. We define
where ω · (∂ α φ) is the algebraic intersection number of ω and ∂ α φ. Let
a(ω, φ)y.
As in [14, Lemma 4.18] , A ω is a chain map. The following lemma shows that it induces a well defined action of H 1 (M, ∂M ; Z)/Tors on SF H(M, γ).
Proof. Since ω 1 and ω 2 are homologous in
Claim. There exists a relative 2-chain B in (Σ, ∂Σ), such that (∂B)\(∂Σ) consists of mω 2 , m(−ω 1 ), copies of α-curves and β-curves, and proper curves ξ, η ⊂ Σ such that ξ is disjoint from α-curves and η is disjoint from β-curves.
Consider the triple (M, ∂M, γ), we get an exact sequence
Using the gradient flow of a Morse function associated with the sutured diagram, we can project ξ ′ , η ′ to proper curves ξ, η ⊂ Σ such that ξ is disjoint from α-curves and η is disjoint from β-curves.
we conclude that there is a relative 2-chain B in (Σ, ∂Σ), such that (∂B)\(∂Σ) consists of mω 2 , m(−ω 1 ), ξ, η, and copies of α-curves and β-curves. This finishes the proof of the claim.
Perturbing B slightly, we get a 2-chain B ′ such that
We have
Pick an intersection point x 0 representing a relative Spin c structure s. After adding copies of Σ to B ′ , we can assume that n x0 (B ′ ) is divisible by m. Since any two intersection points representing s are connected by a topological Whitney disk, (1) implies that n x (B ′ ) is divisible by m for any x representing s. Now we define a map H : SF C(M, γ, s) → SF C(M, γ, s) by letting
It follows from (1) that
Namely, A ω1 , A ω2 are chain homotopic.
Now the same argument as in [14, Lemma 4.17] shows that A ζ is a differential for any ζ ∈ H 1 (M, ∂M )/Tors, hence A gives rise to an action of
Sutured manifold decomposition
is a well-groomed sutured manifold decomposition. In [10] , Juhász constructed a surface diagram (Σ, α, β, P ) adapted to S, where P ⊂ Σ is a compact surface with corner such that P ∩ (∂Σ) consists of exactly the vertices of P . Moreover,
where A, B are unions of edges of P with A∩B = P ∩(∂Σ),
for (M ′ , γ ′ ) can be constructed as follows:
where P A , P B are two copies of P , and Σ\P is glued to P A along A while glued to P B along B. There is a natural projection map p : Σ ′ → Σ, and
The decomposing surface S can be seen from the surface diagram as follows: M can be got from Σ × [0, 1] by adding 2-handles along α i × 0's and β j × 1's. Then S ⊂ M is isotopic to the surface Let O P be the set of intersection points in T α ∩T β that are supported outside of P . Then O P consists of the points whose associated relative Spin c structures are "extremal" with respect to S. And O P is in one-to-one correspondence with
Using techniques introduced by Sarkar and Wang [23] , Juhász proved that the surface diagram can be made "nice". In particular, if φ is a holomorphic disk connecting two points in O P with µ(φ) = 1, then the domain of φ is either an embedded bigon or square. Moreover, the following fact was contained in the proof of [10, Proposition 7.6]. 
Proof. Let ω 0 ⊂ Σ be a relative 1-cycle representing ζ, such that ω 0 intersects ∂P transversely in the interior of the edges. Suppose ω 0 has an intersection point with B. After homotoping ω 0 , we may assume this intersection point is near a corner of P . As in Figure 2 , we can replace ω 0 by a new relative 1-
Continuing this process, we get a relative 1-cycle ω representing ζ, which does not intersect B. Cutting Σ open along B, we get a surface homeomorphic to (Σ\P ) ∪ A P A . Since ω does not intersect B, it lies in the new surface. Hence there is a corresponding relative 1-cycle ω ′ ⊂ (Σ\P ) ∪ A P A , such that p maps ω ′ homeomorphically to ω.
S is isotopic to a surface (2). Since ω is disjoint from B, ω × (
Now we are ready to prove Theorem 1.1
Proof of Theorem 1.1. The projection map p : Σ ′ → Σ induces a bijection
which then induces the inclusion map
As argued in [10] , p induces a one-to-one correspondence between the holomorphic disks for SF C(M ′ , γ ′ ) and the holomorphic disks for the chain complex generated by O P . Let ω be the curve obtained in Lemma 2.6. Suppose φ is a holomorphic disk connecting two points in O P , φ ′ is the corresponding holomorphic disk connecting two points in T α ′ ∩ T β ′ . The intersection points of ∂ α φ and ω outside of P are in one-to-one correspondence with the intersection points of ∂ α φ ′ and ω ′ outside of P A ∪ P B . Let C be a component of D ∩ P , where D is the domain of φ. Let C ′ be the corresponding component of
Now our desired result follows from the definition of the homological action.
The homological action on Knot Floer homology
The material in this subsection is not used in this paper. However, it is helpful to have in mind the symmetry stated in Proposition 2.7.
Suppose K is a null-homologous knot in a closed 3-manifold Y . Let (Σ, α, β, w, z) be a doubly pointed Heegaard diagram for (Y, K) which is induced from a marked Heegaard diagram. Fix a Spin c structure s on Y and let ξ ∈ Spin c (Y, K) be a relative Spin c structure which extends it. Let CF K ∞ (Y, K, ξ) be an abelian group freely generated by triples [x, i, j] with
The chain complex is endowed with the differential
The homology of (CF
As in [14] and the arguments before, A ω induces an action of 
such that the following diagram is commutative:
be a doubly pointed Heegaard diagram for (Y, K). Then
is also a Heegaard diagram for (Y, K). If x ∈ T α ∩ T β represents s in Γ 1 , then x represents Js in Γ 2 . If φ is a holomorphic disk in Γ 1 connecting x to y, then φ gives rise to a holomorphic disk φ in Γ 2 connecting x to y. Topologically, φ is just −φ. Let ω ⊂ Σ be a curve representing ζ, then
where the notation | Σ or | −Σ implies that the intersection number is evaluated in Σ or −Σ.
Since s is torsion, there is a unique ξ 0 ∈ Spin c (Y, K) extending s which satisfies
for any Seifert surface F for K. Using the observations in the first paragraph, it follows that if we interchange the roles of i and j, then the chain complex CF K ∞ (Y, K, ξ 0 ) can be viewed as the chain complex CF K ∞ (Y, K, Jξ 0 ). It follows that there is a grading preserving isomorphism
Moreover, the map U m induces an isomorphism
which decreases the absolute grading by 2m. Hence
Using (3), we find that the action of
The contact invariant EH(M, γ, ξ)
Suppose (M, γ) is a sutured manifold. A contact structure on (M, γ) is a contact structure ξ on M , such that ∂M is convex and the suture s(γ) is the dividing set. Suppose
is a taut decomposition, and ξ is a contact structure on (M, γ) such that S is convex and the dividing set γ S on S is ∂-parallel, namely, each component of γ S cuts off a disk containing no other component of γ S . Let ξ ′ be the restriction of ξ on (M ′ , γ ′ ). Then ξ ′ is tight if and only if ξ is tight [7] .
Definition 3.1. Suppose (M, γ) is a taut sutured manifold. A tight contact structure ξ on (M, γ) is of hierarchy type, if there exists a well-groomed sutured manifold hierarchy
such that the dividing set on each S i is ∂-parallel. In fact, since M n consists of balls, ξ is obtained by gluing the unique tight contact structure on M n along the decomposing surfaces.
For a contact structure ξ on (M, γ), Honda, Kazez and Matić [8] defined an invariant EH(M, γ, ξ) ∈ SF H(−M, −γ)/(±1). They also studied the behavior of this invariant under sutured manifold decomposition. Proof. Consider a hierarchy (4) associated to the contact structure ξ. By Theorem 3.2, there are maps
which sends a generator of SF H(−M n , −γ n ) to EH(M, γ, ξ), and
which sends EH(M, γ, ξ) to a generator of SF H(−M n , −γ n ).
Given ζ ∈ H 1 (M, ∂M ), let i * (ζ) be its image in H 1 (M n , ∂M n ). Since M n consists of balls, i * (ζ) = 0, hence A i * (ζ) = 0. (This result also follows from the fact that A i * (ζ) is a differential.) Using Theorem 1.1, we get a commutative diagram:
Similarly, considering the commutative diagram
we conclude that EH(M, γ, ξ) does not lie in the image of A ζ .
Remark 3.4. Since A 2 ζ = 0, A ζ can be viewed as a differential on the Floer homology group, thus one can talk about its homology. Corollary 3.3 says that the contact invariant represents a nontrivial class in the homology of A ζ . A version of Corollary 3.3 for weakly fillable contact structures on closed manifolds was proved in [6] , following the strategy of Ozsváth and Szabó [17] .
Proof sketch of Corollary 1.2. Decomposing Y − K along F , we get a taut sutured manifold (M, γ). If F is not a fiber of any fibration, then (M, γ) is not a product sutured manifold. The argument in [4, 13] shows that we can construct two different sutured manifold hierarchies, and corresponding two tight contact structures ξ 1 , ξ 2 obtained from gluing the tight contact structure on the balls via the two hierarchies, such that EH(M, γ, ξ 1 ) and EH(M, γ, ξ 2 ) are linearly independent. See also [10] for the version of argument adapted to sutured Floer homology.
It is showed in [10] that the inclusion map
induced by the decomposition
). Using Theorem 1.1 and Corollary 3.3, we conclude that KerA has rank at least 2.
The reader may find that the use of the contact class EH is not necessary for the proof of Corollary 1.2. We choose this presentation so that the nontrivial elements in KerA have their geometric meaning.
Knots in
as a group, and A ζ is given by the contraction homomorphism
the subgroup generated by the unit element 1.
Proof. Clearly 1 is in the kernel of all ι ζ . Suppose x ∈ Λ * V ′ n , and the highest degree summand of x has degree i > 0. Let {ζ 1 , . . . , ζ n } be a set of generators of V n , and let {ζ
Without loss of generality, we can assume x contains a term kζ Since ϕ * = id and F is a K(π, 1), we can extend Φ to a map from F × I to F . This means that ϕ is homotopic hence isotopic to the identity map relative to ∂F . Since the monodromy ϕ is isotopic to the identity, the complement of K is homeomorphic to F × S 1 , which is homeomorphic to the complement of B g . By a result of Gabai [3, Corollary 2.14], knots in Y 2g which do not lie in a 3-cell are determined by their complements. So K = B g .
Links in S 3
In this section, we will study links in S 3 that have simple Floer homology groups. Ozsváth and Szabó [18] Proof of Proposition 1.4. Without loss of generality, we will work with F = Z/2Z coefficients. We will induct on the number of components of L.
When n = |L| = 1, the result is a consequence of Ozsváth-Szabó [17] . Assume that our result is already proved for (n − 1)-component links and let L be an n-component link such that rank HF K(L) = rank HF L(L) = 2 n−1 .
If L has a trivial component which bounds a disk in the complement of L, then we can remove this component and apply the induction hypothesis to conclude that L is the unlink. From now on, we assume L has no trivial component.
Let 
